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SUMMARY 


Sk 


A  single  Item  Is  to  be  produced  over  a  given  number  of  tliae 
periods  to  satisfy  known  future  requirements  while  minimising  costs 
wiiere  the  costs  per  unit  for  production,  storage,  and  charge  In 

V 

production  rate  are  known  functions  of  time. 

While  such  a  problem  can  be  solved  by  regular  linear  prograiiu^n|[vj[^ 
methods,  the  novel  feature  here  Is  that  the  primal  and  dual  problc^^V^ 
are  aolved  jointly  by  means  of  a  rapid  graphical  method  Involving  . 
only  Intersections  and  rotations  of  straight  lines.  The  underlying  \ 
reason  for  this  stems  from  a  special  .property  of  the  near  ^'square . 
block  triangular*^  nature  of  the  coefficient  matrlx.i  '  In  some  caies. 
the  answer  is  given  on  the  flrot  application.  Usually  only  4  few  I'T  ‘  V 
.  Iterations  are  required. 
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1.  INTRODUCTION 

■  ■  I  P  .1—  .1  - 

.'■■  •  ' 

Linear  prograoming  problems  can  be  solved  by  the  standard 

..  /  ' 

simplex  method  [l] .  For  dynamic  linear  programning  problems  formal 
appir^ation . of  this  technique  is  often  impractical  due  to  the  large 
number  of  eolupine  and  ro*rs  in  the  matrix  of  coefficients.  Ihere  ia 


•  f 


therefore  a  need  to  develop  apecial  hiethods  for  aolving  such  problema 


by  eitheh^a'  aimple  explicit  formula  or  at  least  one  involving  rapid 


vl^ 

*^■*0  >1 


convergence  to  the  optimal  solution.  In  some  problems  such  as  the 

.  ^ 

one  discussed  in  this  papen  the  special  structure  of  the  matrix  and 
the  relations  between  the  primal  problem  and  its  dual  can  be  exploited^^ 


to  advantage. 


. 


The  general  problem  under  consideration  is  similar  to  one  studied': 


by  Jacobs  an^  Koffroan;  It  is  to’determlne  a  production  schedule  for  a 


t^^ngle  type  fteii  over  a  number  of  time  periods  to  satisfy  a,  given  rec;^^^ 
ment  schedule  while  mlnimiring  total  cost.  Uriit  production  coats*  ' 


Storage  costs*  and  costs  of  changing  produotio.n  rates  are  given  ‘ 

functions  of  time. 

A  special  case  la  that  in  which  production  is  required  to  expand,/* 

:  w 

or  ^t  least  be  non-decreasing.  It  will  be  shown  that  this  expanding 
•  ...  '■ 
production^  pt*ob lam  can  be  solved  directly  in  an  important  case  (a 


-  ’iw 

pohveg  requjU^iSsnt  oohedulu)  and  a  riplJ  iterative  process  is  ouw  '' 


lined  for  the  general  requireirent  Buhedulc  which  sometimes  gives  tht'J 


■i 


answer  directly,  Ihe  sane  results  hold  for  the  more  general  probl^/^  , 
The  computational  simplicity  of  the  proposed  method  results  freiiS-’i 


two  properties  of  the  system: 


‘  ’  > 


(l)  TVie  primal  problem  and  its  dual  can  be  formulated 


geometrically  In  the  same  wav. 


(2)  The  values  of  the  basic  set  of  variables  can  be  calculated  , 


directly  by  successively  solving  one  equation  for  one  unlcnown  at 


each  step.  Ocoraetrlcally,  this  leads  Imnedlately  to  ruler 


construction  alone. 


- 

'-M 


* 


4 


A' 
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2.  THE  EXPANDING  PRODUCTION  PROBLEM 


■<,# 


Let  T  ■  the  number  of  periods.  (t«0,  1,  ...,T) 
■  |;lven  requirement  due  at  time  t. 

X4.  ■  unknown  amount  produced  from  time  t-1  to  t. 


' 


>‘V 

■  *•  ► 


•  V-’-' 


•  a  given  constant. 


‘  ■ 


Pt  ■  ^+1  “  ^t  —  •  l-^creaee  in  production  rate  at  time 

To  express  the  condition  that  the  roquirctnent  schedule  lo 
aatlaf led  for  1*1  ...  T  let 


t. 


.>4 


■> 


•14 


i  • 

L  *t 


t-1 


•  the  total  production  from  t  -  0  to  t  -  i  , 


>  ^  ‘ 


A 

‘*1  ■  til  ‘  **'*  total  requirement  from  t  -  0  to  t  •  i  , 


.■■'4' 

J 


Rg  .  0  . 


*  *  ■  ■  ••'•'’Si 

Then  the  excess  of  accumulated  production  over  accumulated  requlrem^ti: 


up  to  tine  1  Is  given  by 


..H- 


.  t 

‘  ^ 

' '  «■' 


I  O  1  1  — 


.V  , 


whore  u^  Is  a  given  conrtant,  the  excess  production  at  *^r.c  start. 


To  express  the  costs  let 


% 

i 

4 

's 


-  cost  of  producing  each  u.^iT  in  ...c  i-{.rlod  frorr.  1  —  1  lo  1  , 

X 


.'•P 


•  Cl 


V .... 


■  coat  of  atorlfifl;  each  unit  of  excess  for  one  period. 

•  cost  of  Increasing  production  rate  one  unit  per  unit  time 
at  time  1.  * 


"r.en  the  problem  le  to  minimise  the  total  cos’s,  l.c-., 


(1)  minimize  ^ 


( 

-A 


subject  to 

(£) 


.  t 


1  1 

X4.  >  T  r. 


t=l  t-] 


1  «••  1  . . .  -T 


.  '• 


9  . 


"i. 


and 


0  ...  T 


\ 


■r 


i 

I 


Ihls  problem  can  bo  restated  in  terms  of  an  equivalent  system 
In  and  u^  alone.  Introduce  the  constants 


.f 


I 


St; 


^4  •  7  <54.  z  (t  -  l)d4.  ,  1»0, 

^  ^  t-l-H  ^  t*l  ^  - 


T-1 


hi 


rjsi'i  let 


y. 


4 

.V 


TL  »  0  j  these  represent  the  potential  increase  In  i 

•  'h 

total  cost  due  to  Increasing  the  production  rate  by  one  dnlt  at  time  ^ 


1 .  Note  tliB  t 


i-ifc 


t-i 


3»A 


*4 


X.  -  7  Xi  •  7  (t  -  l)y.  tx 
^  1-1  ^  1-0  ^ 


o. 


■  •k^. 


ir.>% 


/V. 

' '  Mio 


80  that 


t-1 

“t  ”  Jq  ♦  ’■'='0  *  “o  • 


A  ■ 


f4J 

ji. 


Iben  It  la'eaay  to  verify  that  an  equivalent  etaternent  of  the  problem 

l8  to 


^  i- 


T~1 

(!•)■  BlnlAlae  T  K 

t-0  ^  ^ 


■*  .  * 


subjeot*  to 


“  1^'  -  "t  ♦  ‘*0  ♦  %  i  ° 


■  '/■ 


mn<f  Uj,y^  2  ® 


1  -  0  ...  T  . 


There  1 8  aome  further  simplification  possible.  We  can  assume 
^  0  and  Uq  •  0  for  If  they  are  not  zero,  then  reduce  each  by 
the  amount  Uq  tx^.  Thus,  we  can  write  the  problem  as  follows. 

T^l 

(0  'Itlnlmlze  J  l?^y^ 

t»0 


subject  to 

t 

(2^  \t  -  i)yj^  •  ^t  ■*'  ^t  »  t  -  1  ...  T 

where  each  y|*u^  >  0. 


The  duel  of  the  latter  eyatem  parallels  closely  the  statement  ; 

of  the  primal  problem.  Ihls  correspondence  will  be  used  to  advantage 

•  $ 

in  the  graphical  solution  of  the  prol^lem.  These  relations  are  e»- 
hibited  as  follows: 


frimal  problem 


Dual  problem 


T-1 

Mlnimlee  T 


1=0 


A 

J  subject  to 


z  -  i)  -  R.  ♦  u. 
1-0  ^  ^  ^ 


u^  >  0 


1*0  ...,T-.l 
t  -  1  ...,T 


(y^)  *  price  associated  with 
equation R  involving  u^ 


Maxinlre 


subject  to 


th 


Jj  yt(t  -  1)  •  Rj 

y ^  >  0  ,  t  1  . . .  ,T 


Uj  >  0 


1  •  0  ...,T-1 


(y^)  *  price  aaseciated  with 
equations  involving 


Let  a  basic  set  of  variables  be  any  set  of  T  variables  of  the 
•  y.  *0  and  u.  *8  v;h08e  detenninant  of  coefficients  is  non— vanishing, 

4,*?  1  X 

It  being  understood  that  all  other  variables  arc  set  oqual  to.  zero. 

(  To  every  basic  set  of  variables  £>  satisfying  the  primal  equations 

n 

(not  necessarily  feasible)  there  Is  a  complimentary  basic  set 

}*■ 

V^satlsfylng  the  dual  equations  (not  necessarily  feasible)  with  the 

properties : 
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'■i’pi 

-7-  -'^^1 


Primal 


If  Is  In  L  ,  then 


If  Jo  In  C,  then 


y.u^  •»  C  lor  1  •  1  . 


I 


for  t  “  1, . . . ,T  . 


is  In  b,  then  -  0  so  j  If  la  In  ,  then  -  0  so 


that  “0#  1»1,...,T 


j  r.i.at  i  1  “  0,...,T— 1 


if  for  any  ^^Ivon  baslr*  set  of  pr'lmal  varlarlos and  v.  ori*espondlng 
basic  set  of  dual  variables  J?  one  can  exhibit  a  leaslfcle  solution 


with  these  prop»*rtlfa  then  it  In  optlrjti. 


TJ-iese  dual  relatloro  b;avc*  a  uDoful  jj.raphJoal  Intorpivta^  Ion . 


Draw  the  requli'einont  sc'hedule  H  -  as  .i  f.l rtO;*rar\,  '.nd  the  dual 

(ijj.  Let  T?  be  the  lower  convex  subset  of  tne  points  (1^,  ) .  'ihe 
1 

pr*odUGtlon  pJot  X  -  (X,  ),  a  broken  line  conr^eettr  .:  the  seriee  of 
points  (X^)  lien  above  or  Just  touches  P.  at  each  t^me  i.  The  ooitv- 
pleirieii tary  dual  ''pi’v^iiuctlc]/*  j/lut  X  ^Ivs  iolew  Ju»it  tc/uci'iec>  d. 

Both  X  and  T  will  be  convex  t  rokcit  Krarbs  slruie  a.,d  >  0. 

We  seC’  that  >  0  (X  i.  is  a  r)i*eaK  at  time  tj  only  ll’  X  Is  touching.; 

"??.  Thus,  may  be  positive  ui  2./  1!'  T",  1  •  on  P.  In  addition,  ^  has 

a  br’eak  at  t,  >  0,  only  if  X  tou^b.es  H  at  tjfio  t.  j,  .  'rresponds 
to  the*  vortical  distance  J  I'd  P  le  X  at  tl;;io  ,  an  i  "■  u .  resronds 


to  the  \ertlcai  dlotanf  •?  fi-o,-:  H  dca.  t  ,.  a  a’’  l.ie  t. 


Tties#  graphical  conv-Oi^la  can  bn  exhlblr.nu  cy  '',.0  foliCAlng 
simple  jsxanple. 


Let  H 


b,  e 


0 


1,  f^o  -  3,  *  7,  H 


4 


** 


2,  e. 


3.  e- 


1. 


H*' 

■ 

^  J\ 

'/•>■ 

.-! 


I  \ 

0 

■‘T 


fc,  +  n  ?d-,  +  ^d, 

1  fcT  t-  J  ^ 


**  1  2  ^  3  ^  ij  ^  ^  ^^“4 


e ,>*♦*? 7  *♦•  Ci,  ■♦■  d., 

c  ^  4  - 


-  f] 


T?t.  •  a,  +  c.,  •  2 

3  3  ‘t 


«  r=: 


3 


R., 


vl 


Plot  H  and  R  as  In  Fig.  1.  Conplementary  aijd  dual  solutions 

fVv  s  are  liidlcated.  Since  the  values  of  u- ,  ,  y,  (see  parenthetical 

i  -  -  - 

,A  figures  beside  variables  in  detached  cooITlclei.t  array  below  ri,;ure  l)  -J 
are  non^^iegatlve ,  this  pair  of  solutions  Is  optliial. 

a  ■ 


iV 


\A 

'-! 

.SI 

rS  ; 

' 

Kj 

-•  '\ 

i 

rl 

'^h 

vl 

'  vXi 

:ac  i 


IK  IK  IK 


PriJMl  Problem 

a)(2}  U)  (1)  i 

1 

7ll))] 

1  -1  1 

Ml) 

* 

h 

2  1  -1 

RjO) 

TjU) 

)  2  1  -1 

113(7) 

7^(2) 

4  12  1  “1 

R.  04) 

i! 

1 

'*0  ^  «2  ^ 

1 

1 

04)(8)(k)(2) 

,  %\ 

“j  i  ®  “o  “l  “2  “3  '1 7.  fy  h 

(0)(0)(1  )10)(3)(0)(1)U) 


Duftl  Problem 


■  \ 

p).  il)i7)-  .  Jl). 

^  >^2  ^3  \  “0  “1  “2  “3  ■ 

i 

1 

7,11)1 

12341 

r;(u) 

7,  (7) 

12  3  1 

Hj(*) 

^2 

1  2  1 

^(0) 

y3{4) 

1  1 

k(7) 

1 

j 

'*1  ®2  *4  ®4 
(l)C))(7)tU) 

A 

(o)ei)(o)(o)H)e?j(o)(-4) 


k'  ,y 
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k,  A  SPECIAL  COMPUTATION  PROPERTY 

Theorem  1 ;  Given  a  baalc  oet  of  variables  we  can  find  tnelr  values 
directly  by  successively  solving  one  equation  for  one  unknown  at 
each  step. 

We  show  that  since  the  values  of  the  varlaLles  are  uniquely 

determined,  (the  uniqueness  follows  from  the  assumption  that  their 

determinant  of  coefficients  Is  non— vanishing )  tr.elr  values  can  be 

detemlned  In  the  manner  stated.  For  the  purpose  of  tills  proof  it 

will  be  convenient  to  solve  for  the  Xj^*s.  Consider-  the  subset  of 

those  equations  of  the  fom  J  ^1  ^t  From 

1*1 

oacb  of  these  equations  subtract  the  preceding  one  In  the  subset, 
'^hon  we  have 


(3) 


R..  •  W  +  ...  +  X 


a 


O+I 

... 


b+l 


Consider  next  the  relations 


where  *  0.  Tiiese  imply 


f « 


that  some  of  the  successive  ' s  will  be  equal.  Write  their  sums  In 

(5)  as  multiples  of  the  with  the  smallest  subscript.  'Tlrore  will 

be  it  most  one  x  In  corjr.on  between  two  successive  equations;  otheicwlse 

i 

the  equations  are  completely  Independent  of  one  'another.  For  example, 
If  -  0,  then  *  x^.  Otherwise,  If  >  ^.  there  J  3  no  x  In 

co.-Timon  and  the- problem  splits  up  Into  subproblems ,  oaci  of  wt.lch  is 
solved  separately. 


A  v» 


'T': 


It  should  be  noted  that  this  set  of  equationc  nunt.  te  uniquely 
solvable  for  becatjae  the  equations  omitted  from  consideration  are 

those  In  wtiloh  or  were  not  set  equal  to  cero.  These  occur  In 

* 

only  one  equation  each  and  are  determined  by  the  vclues  of  x^. 

There  will  be  at  most  three  different  x'b  In  any  equation  of 
(3).  P'or  example,  R.  ~  R  «  px-  +  qx,  +  rx .  where  q  md  r  r.iV  be 
zero.  If  there  were  four  or  more  different  x*s,  those  not  (in  either 
end  could  not  have  been  uniquely  determined  a  contradiction  to  our 
assumption.  In  the  case  where  there  are  three  different  x*8  in  an 
eqiiatlon,  the  first  one  must  be  uniquely  determl/iod  from  the  preceding 
equations  and  the  last  one  from  the  equations  followi:ij^;  otherv/lse, 
the  value  of  the  middle  variable  would  not  be  unique.  TJjen  again  In 
this  case  the  problem  splits  up  Into  subprollenn. 

Finally  we  are  left  with  the  case  where  thorv?  are  two  or  less 
x's  In  equation  of  (3)  and  each  equation  has  an  x  In  .ortr^.on  wlti.  the 
adjacent  ones.  Tl'.en,  If  all  the  equations  had  two  x's  ihi're  would 

f 

be  one  more  variable  than  there  are  equations,  inus,  a\.  least  one  ^ 
equation  has  Just  one  unknown  v/hlch  is  solved  directly  and  fed  into 
the  adjacent  equations  leaving  Just  one  LUi/-r<own  x  to  ce  solved  In  the 
next  step,  etc.  ihus,  tne  theorem  Is  proved.  Grapnlcaliy,  this  neana 
that  a  solution  In  x's  can  be  constructed  by  lule:  ilone  if  one  knows  .. 
which  Uj^'s  are  zero  and  which  *b  are  positive. 


/ 


3.  CONVEX  REQUIREKEWT  SCHEDULE 


Theorem 


'y 


If  R  la  convex,  then  the  optimal  solution 

Is  given  by  the  basic  set  of  variables  IT  7?^  lies  on  and  If 
R.  Is  above  R  vrhere  T?  Is  the  lower  convex  subset  ol'  points  of  (R^),  . 

The  dual  optimal  solution  3c  coincides  with  R  and  the  construction 
of  the  primal  optimal  solution  follows  lirxiedlately . 

The  convexity  of  R  assures  the  feasibility  of  this  solution. 

Pui  themore,  the  optimality  conditions  of  ^2  hold  since 

on  R  implies  •  0,  In  £ »  u^  •  0,  y^  in  1^-  . 

rot  on  K  Implies  In  ft  ,  y^^  •  0,  In  ^  •  0^ 

Thus,  •  0,  ■  0  for  1  ■  0,...,T. 

Ttiese  relations  are  exhibited  by  example  of  ^3;  sec  Fig.  1.  Sln^ 
R  Is  convex  to  obtain  the  optimum  solution  given  there,  first  plot 
the  lower  convex  hull  of  R^.  To  obtain  note  that 
wherever  bends  (l.e.,  t  •  1,  3);  allow  bends  In  X^  only  where 
u^  •  0  {l.e.,  t  ■  1,  3). 

'IVils  means  that  In  the  convex  requirement  case,  the  two  curves 
always  bend  and  touch  at  the  same  values  of  t. 


6.  GENERAL  REQUIi<£MEfjT  SCHEDULE 


This  case  has  not  been  solved  directly,  but  a  rapid  Iterative 

procedure  has  been  devised  vdilch  In  some  cases  (including  the  convex 

ease  of  ^5)  gives  the  optimal  solution  directly  In  one  step.  By  this 

procedure  the  X  solution  Is  always  feasible.  If,  In  addition,  the 

X  solution  le  feasible,  it  is  also  optimal.  If  cone  or  u^'s  are 

negative  then  the  largest  one  Indicates  the  corresponding  u^  or  y^ 

to  enter  d> ,  This  new  variable  Is  allowed  to  Incrcace  (graph5cally) 

until  some  other  dual  variable  Ic  driven  out  of  ,  and  a  corrcr.nondlni 

primal  variable  to  enter  i-  .  Tl  ese  shifts  In  and  it-  follow  fron 

the  price  relations  between  primal  and  dual  variables  discussed  In  ^5, 

T^e  procedure  will  be  Illustrated  by  Example  7  and  Plgureo  P  and 
* 

3.  T^e  algebraic  steps  and  their  cori'espondlrg  geometric  constriction 

I 

are  listed  below. 

Step  1.  Let  max  —  »  — 

t  <  T  t  a 


Interpretation:  Rotate  a  ruler  about  the  point  R  -  0  downward  until 

c 

It  touch.es  R  at  R.,  In  case  of  lie,  always  choooe  the  point  with 

A 

Uie  smallesL  subrcrlpt, 

Choooe  X  ■  0,  y.  In  ^  .  incl  u  ■  C  not  in  i”  . 
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‘Sgl  Interpretation;  •  Rotate  ruler  upward  about  the  point  •  0  until 

It  touches  at  Orav  a  line  through  these  two  points  and  extend 
■^aS  a 


It  to  the  left. 
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Choose  In  £  and  ^  ^  ^  • 
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Step  3.  Let  max  —  -  —  . 


.12 


t  <  a  t  b 

I 
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Interpretation:  Rotate  xaiier  as  in  Step  1  about  R^  *  0  until  It 
touches  R  at  b  <  a.  Ilien  \  b).  this  Is  found  graphicalljr. 

by  extending  the  line  in  Step  2  to  t  •  b. 

Choose  in  3  and  •  0  not  In  3  . 
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Step  4.  I«t  yp 
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t  <  b 

Tf^  on  H 


b  -  t 


b  -  b. 


w  _ 

Interpretation:  Rotate  tlie  mler  upward  about  until  It  touches 
l[  at  TU.  Draw  a  line  through  these  polrt^  and  extend  It  to  the  left. 
Choose  In  3  and  up  •  0  not  in  3  * 


Repeat  these  steps  until  t  ■  O  is  reached,  the  ^  solution  has 
been,  constructed  in  this  process.  The  X  solution  is  now.  drawn  in 
Pig.  2  fror.  the  loiowledge  of  which  y*s  are  in  3  and  which  u^*s  ai^ 
not  in  6.  this  can  be  done  dlrvctly  (cf,  ^3).  At  this  stage  the 


critical  y^’s  and  u^^’s  alternate  as  t  runs  through  0  to  T, 
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In  the  example  we  see  that  ilthoi.’.'^h  no  y.  happvfn  to  l  o  negative, 
Bone  are  <  0,  wjth  the  larpect  ’^lolntlcr.  hrlri^:-  Prom  ti-.c 

simplex  al<|orltVsin,  this  Irvllcjito?  v/i-  si.onicl  ■allcv;  tn  enter  £. 

We  increase  y^g  >  0  (‘^y  allowing  a  ^en.!  at  t  ■  ?7.  In  T)  until  :,orve 
variable  In  3  di’Ops  to  ~oi'o.  In  t’li;-.  y-,  .  .  '>.18  iridicatee  chat 

Ohter  3  li  pl  ico  of  "n  e  now  i:.:ulutlons  X  and  X  are 

drawn  In  PI5.  ?.  Since  X  hccs  no  u^  •:  O*  o*'  .  0,  It  in  the  optinal 

solution  to  the  problem.  TVila  !31uptr'>^os  thi:t  tne  rtartln^  pro¬ 
cedure  gives  a  solution  which  Is  usually  cfilt?  close  tc  tl'.^  opt’nur.. 
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7.  WOKWERAL  CASE  WITH  DECREASING  PRODUCTION  ALLOWED 

« 

This  pxx>blein  Is  similar  to  that  studied  by  Hoffmari  and  Jacobs. 

A  decrease  in  production  has  an  associated  cost  as  a  function  of  time. 
In  addition  to  the  notation  of  ^2  we  have 

^  *t*i  -  *t+i  <  =<1 

«r- 

Where  yj  >  0  is  the  magnitude  of  the  decreaiie  in  production  rate  at 
time  t, 

ej  ^  the  cost  of  decreasing  the  production  rate  one  unit  at  time 
t  (ej  is  a  given  function  of  t). 

than  similar  to  the  definition  of  see  ^2  ,  we  define  the 
potential  total  gain  from  decreasing  the  production  one  unit  at  time  1 

T  T-1 

.!?•  .  -  ej  +  2  2  (t  -  l)d^ 

t-l+l  t-i 

for  1  ■  0,  . . . ,  T—l  and  ^  •  0. 

The  duality  between  R  and  H  breaks  dovm  so’r.ewnat  since  ^’e  new 
have  two  dual  functions  and  to  plot;  wnereas  In  we  had  Juct 
The  problem  can  be  stated  as  follows: 


Minimize 


where  * 
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(t  -  i)(yi  +  yj)  >  +  '*t 
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Z  (yi  -  yT)  >  ° 

1=0  ^ 


for  t  •  0,...,T.  Md  each  yJ,  i  0. 

<  The  correepondins  matrix  format  for  T  -  4  4.8  Slven  belo* 

/  the  conditlonc  >  0  have\b6en  omitted. 
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We  plot  ■o.d  T?!  .^.otlnp  ’’liat  fl.  >  RT 
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alpo  for  tl.e  more  f^eneral  ;:iLEe  ao  well  — -  In  fact,  ae  far  aa  iT  lo 
conotrned  tl'iO  proof  Ic  t!  e  ran^o  if  one  allows  the  variable  l^.ere 
to  take  on  positive  anj  nec:atl/e  values.  For  ^  the  proof  of  ,crv- 
putatlor.  property  Is  complicated  ly  the  presence  of  poBSltle  Junj.s 
Ip  the  a  .arvo.  Graphl rally,  t!*‘.  offoot  of  dropping  Crow  the 
LaslB  of  Che  primal  (whore  prlral  now  Includce  the  equation 

rwi  r^l 

X  ■  *"  y  —  T  vt)  Is  tc  allow  a  decre-ise  w  in  the  values  of  F. 
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Bxarapl#  >.  No  <  0  1e  In  ti^ls  optimal  solution. 
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Example  4. 
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2  7 


Fi^a)j  1  -1  -1 
R^a)!  2  -2  1-1-1 

RjO  J|  3  -3  2  -2  1  -1  -1 
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This  prlnal  solution  Is  inteaslble  (x,  \  0).  TVieiefore ,  we  add 

?  £ 

a  condition  x.,^  -  Z  ^’l  ~  X  ^ 

^00  ■''' 


Forcing  •  0  Is  the  *azne  as  dropplfig  the  dual  points  +  RJ 
1  •  0,1,2,  dowt  lo  Fig.  5  until  sofne  elerr.rnt  In  h  drops  to  /.eiX5. 

In  this  case  one  can  caclly  check  that  there  Is  a  tie.  Both  and 
u*  vanlcl.  simultaneously.  Either  may  to  dropped  from  u  and  the 
two  optli.iil  rrl:nil  solutions  are  given  by  Fig.  6  and  Fig.  4. 
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It  lr.to!‘estlng  t;>  verify  the  reuuits  cf  ilcf rman‘  a/l<J  Jacbb0  ;  ^ 


[r^  [y  our  r.etnoQG.  Gone  of  the  .'irff^inents  are  clooe  to  thelra  but  ." 
apply  to  more  pjcnerai  c^joee.  In  (2,  they  :’or. cider  the  apeolal  cace: 
c,  *  0,  d,  •  1,  e.  «  X,  e;  «  0.  Thus  In  our  notation  we  have 


T-1 

X  V  ( t— j )  and  P 
t-1 


y  (t— ! )  a:;o  r' e  H*  ana  R  plots  aro 

t-1 


8i:  '  .tiy  convex  witii  »  X  for  eacl.  t.  ' 
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W“  flrat  state 
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lY.oorer.  If  n'  ia  strictly  convex,  tiicn  y;  >  0,  >  0  for  ^ny  t 

Is  li.ip<i3slble  for  in  optimal  solutlo/i. 

^roof :  If  y;  0,  >  0,  then  v*  ^  0,  y,.  -  0.  Thus  X  .  <  F.;  , 

:y  tne  convaxity  of  P*.  which.  Is  irnossl.  le  ’^»leS3  >  0  and  ^ 

X.  -  0.  But  y*  >  0  Implies  tnit  x*.,  <  x,.  »  0,  a  oontradictlor  .  v 

t  .  ^  '  .^1 

Tr.is  result  includes  TVieorerr.  1  of  l.e.,  for  a  fixed 

*  *. 

<  x^,  then  j 
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Ihcoi'em  2  of  p]  stales  tr.ut  the  final  u.  »  0.  liils  would  always 
follow  wlien  there  la  no  cost  for  decreasing  prt^ductlc.n  foi'  the  last 
period,  ir.at  Is,  e*  ,  -  0. 

i—j.  ^ 

Theorem  }  of  p]  states  tnat  P  <  X  K.  where  K  is  the  upper 
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'ojivex  envelope  of  H.  For  assume  for  scMne  first  t  tl^Mt  X  >  K*  , 

t  t 

ihen  u,.  >  0  and  ty  our  Theca'en  >  yf  "  0  or  y  >0  bo  that  X  ii  copv.a;^'' 
wltr.  stee..  er  slope  at  1  trs!-!  K  which  has  a  non— in  ore  as  In^  slope  with' 
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tine.  Ty-;#  two  curves  and  .Mci  never  m.?et  for  -  T  contr»adlctlng  ■ 


u^  *  0  (Tlieorcm  2  of 

^  *  '*^1 
In  and  of  [2j  ti.e  apecial  case  of  convex  R  Is  discussed# 


It  is  easily  checked  that  our  'I’heoi'em  }  iaplles  that  X  must  he  ^onygm 
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